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Abstract 

We conjecture that the light-cone Hamiltonian of JV = 8 Supergravity can be 
expressed as a quadratic form. We explain why this rewriting is unique to 
maximally supersymmetric theories. The J\f = 8 quartic interaction vertex is 
constructed and used to verify that this conjecture holds to order k 2 . 
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1 Introduction 



Eleven-dimensional supergravity [T] on reduction to four dimensions yields the 
maximally supersymmetric JV = 8 theory. (JV = 8,d = 4) Supergravity is 
similar in many ways to the other maximally supersymmetric theory in four 
dimensions, JV = 4 Yang-Mills. In reference [2J, it was shown that the light- 
cone Hamiltonian of JV = 4 Yang-Mills could be expressed as a quadratic form. 
The key to this rewriting was the maximal supersymmetry present in the theory 
Since this is true in JV — 8 as well, we conjecture that a similar rewriting must 
be possible. To start with, we show this explicitly to order k. We explain why 
this quadratic-form structure is unique to maximally supersymmetric theories 
and simply does not apply to other cases. 

A light-cone superspace formulation of JV = 8 Supergravity was first achieved 
m [31 H] wherein the authors constructed the action to order n. The formulation 
has not been extended since. In this paper, we extend the action to order 
k 2 by constructing the quartic interaction vertex. We will then see that the 
Hamiltonian is a quadratic form at order k 2 as well. 

When formulating a maximally supersymmetric theory (like JV = 8 supergrav- 
ity) in light-cone superspace, it suffices to show that the superspace action cor- 
rectly reproduces the component action for any one component field (our focus 
will be on the graviton). Once this is done, the remaining component terms in 
the action will follow from supersymmetry transformations. We will therefore 
construct the quartic interaction vertex in JV = 8 Supergravity by requiring 
that it correctly reproduce pure gravity in light-cone gauge. 

The long-term aim of this program of research [2J [5] is aimed at understanding 
the divergent behavior of JV = 8 Supergravity. Curtright [6] conjectured that 
any divergences occurring in the JV — 8 theory, were attributible to the incom- 
plete cancellation of Dynkin indices of SO(9) representations. The light-cone 
offers an ideal framework to study this conjecture since it highlights the role of 
the spacetime little group. In addition, working on the light-cone ensures that 
we deal exclusively with the theory's physical degrees of freedom. 
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2 M = 8 Supergravity in light-cone superspace 



x ± 



With the space-time metric (—,+,+,+), the light-cone coordinates and their 
derivatives are 

^=(x°±x 3 ); d ± = ^=(-d ±d 3 ) , 
-j= (x! + ix 2 ) ; 8 = (di - id 2 ) , (1) 
-j=(x! - ix 2 ) ; d = (di + id 2 ) . 



The degrees of freedom of JV = 8 Supergravity theory may be captured in a 
single superfield [3]. In terms of Grassmann variables 9 m , which transform as 
the 8 of SU(8) (m = 1 . . . 8), we defincQ 

4>{y) =-L s h(y) + i0 m -± s j> m (v) + l -e™9 n ±A mn {y) , 

_ l_ 9 m e n QP _L_ {y) _ 1. Qm 6 n QP &g {y) ^ 



l_ 6 rn n 0P0q r e mnpqrstu (tf) 



1 m 6 n dP9id r 9 s e mnpqrstu d+A tu (y) , 



i 

6! 

i <r 0" ^ 09 <T s 0* e m „ P9rstu 5+ V" (y) 



(2) 



+ 1 <T r 0« 9 r 9 s 9 l 9 U e mnpqrstu d +2 h (y) , 
In this notation, the two-component graviton is represented by 

h = ( h n + i hi 2 ) ; ft = —= ( /in - i h\ 2 ) . (3) 

The i/Vn represent the spin-| gravitinos in the theory. The 28 gauge fields are 
A mn and the corresponding gauginos are the x mnp - The C mnpq are the 70 scalar 
fields in the spectrum. Complex conjugation of the fields is denoted by a bar. 

All fields are local in the modified light-cone coordinates 

y= (x,x,x+,y-=x---^=9 a 9 a ). (4) 

In this LC 2 (two-component light-cone) form, all the unphysical degrees of free- 
dom have been integrated out. The superfield <f> and its complex conjugate </> 
satisfy chiral constraints, 



lr The factor of 4 in the final term was missed in reference [3] 
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d m ^(y) = ; d„Hy) = 0, (5) 

where 

d m - - Lfl™/}+ • J - _^ L f)+ (P.) 

d ~ d~9 m V2 ' + ^2 n ' ( j 

The superfield and its conjugate are furthermore related via the "inside-out" 
constraint 

4>= l ^ I 4>, (7) 

where (d) S = d 1 d 2 .. . d s . This constraint is unique to maximally supersym- 
metric theories. 

On the light-cone, supersymmetry splits into two varieties 0], the kinematical 
ones 

and the dynamical supersymmetries 

q m = i[j-,q^] = ^q™ + (D(K), 



d 

q- n =l[j , Q+n] = -T^q+n + O(k) . 



(9) 



2.1 The action to order 



The J\f — 8 supergravity action to order k was derived using purely algebraic 
methods in reference [I] and further simplified in reference [5]. For a detailed 
listing of all the superPoincare generators and their commutation relations, see 
references [21 III E] ■ The light-cone superspace action for AT — 8 supergravity 
reads 



/3 I d 4 x I d*9d s 9£ , (10) 

where (3 — — ^ and 



c = — ^ - 2k (— <t> d4>d<}>+ — ^ 09050) . (11) 



£_0_ 2k(^L0 9090+ ^ 
The d'Alembertian is 

□ = 2(dd - d+d-) , (12) 



k = \/8ttG and Grassmann integration is normalized such that J d 8 9 (9) = 1. 



3 



3 The J\f = 8 Hamiltonian as a quadratic form 



Maximally supersymmetric theories (like M = 4 Yang-Mills and JV = 8 Super- 
gravity) are special for various reasons. Specifically, the superfield governing 
these theories satisfies the inside-out constraint (equation 0). This constraint 
allows us to express the Hamiltonian of the theory as a quadratic form. In this 
section, we illustrate this at lowest order and then at order k. 

3.1 Lowest order Hamiltonian 



Based on comparison to TV = 4 Yang-Mills [2J, we conjecture that the light-cone 
Hamiltonian of N = 8 Supergravity can be expressed as 

n = ^L=(W m , Wrn) , (13) 

with 

W m = q- m (f> , (14) 
and the inner product defined as 

(<f>, O = 2i J d A xd 8 ed 8 e ^)-^^ . (15) 

This relation (|13p . which we will prove presently (to order k 2 ), is unique to 
maximally supersymmetric theories. It is unrelated to the fact that the Hamil- 
tonian is the anticommutator of two supersymmetries (this will become obvious 
in a few steps). 

We start by verifying this conjecture at the lowest order 

2^ f 1 ( 6) 

4V2 J d+ A 

and rewrite this as two terms 

H ° = 171 / dix(f6dH (? m ^9-mH ? m ^?- m( i) . (17) 



In a non-maximally supersymmetric theory, this expression does not simplify 
further. 
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3.1.1 Maximally supersymmetric theories 



In the special case, where the supersymmetric theory under consideration is 
maximally supersymmetric, equation (|17p can be further simplified. This is 
because such theories are always described by constrained superfields. Equation 
is the relevant constraint in the case of the Af = 8 superfield. 

We apply this constraint to the second term in equation (|17[) to obtain 

H° = J d 4 xd 8 9d 8 9 (<Z m 0^3 9-m4> + ^4 q m ^d + q- m ^) . (18) 

Using the explicit expressions for the dynamical supersymmetries from equation 
©, we get 

n ° = iTl / d4xd80d8§ {-^ q +^ q+m ^ + ^?+^«+^) -( 19 ) 

After some integration by parts, this may be reexpressed as 
i 



W = 



4V2 

Since { , q + m } 4> — i 8 v2 d + cj>, we have 

2dd 

~d+ 



d 4 xd 8 9d 8 6-^^{q^,q + m }^ . (20) 



h° = I d 4 xd 8 ed 8 e (/)—£(/) , (2i) 



which is indeed the correct kinetic term in the Hamiltonian describing the W = 8 
theory [4]. 

3.2 Order k 



We now extend this to order k. The dynamical supersymmctry generators are 
known to this order j4] so we can write down the expressions for VV and its 
complex conjugate, 

W m = ^q +m cb + n-^ ( K Bd m ^d+ 2 ^ - d+d m <f>d+d<t>) + 0(k 2 ) , (22) 
W m = ^<l+4> + K-^(dd m 0d +2 4> - d+d m 4>d+d^ + 0{k 2 ) . (23) 



With these, we directly compute the quadratic form 

-4=(W,W) = /(A!^d?flWiw. (24) 

4^2 V Ay/2 J d+ 3 
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The calculation is straightforward but fairly lengthy so details are relegated to 
Appendix A. After simplification, the cubic interaction vertex occuring in the 
J\f = 8 Hamiltonian is 



which is exactly equal to the equivalent term in the Lagrangian (obtained using 
different means) in equation (fTTj) . 

4 The Hamiltonian to order k 2 : lessons from 
the quadratic form 

The quadratic form studied so far will not immediately tell us the Hamiltonian 
to order k 2 . This is because the dynamical supersymmetry (and hence W) is 
known only to order k. However the quadratic form still offers a lot of insight 
into possible forms the quartic interaction may take. 

Our plan then is as follows. In this section, we will collect information from 
the quadratic form, dimensional analysis and helicity considerations. Based 
on these pointers, the general structure of the quartic interaction vertex will 
become much clearer. We will then make a guess at such an interaction vertex 
and check that the guess is correct. 

In order to check our Ansatz, we will set all terms of the superfield (in the 
superspace vertex) except the graviton to zero. The resulting vertex (in compo- 
nents) must reproduce pure gravity in the light-cone gauge. Once the graviton 
vertex is fixed, the supersymmetry transformations (which are manifest within 
the superfield) will produce the remaining components of the action. 

4.1 Information from the quadratic form 

With this general plan in mind, we first draw information from the fact that 
the Hamiltonian is expressible as a quadratic form. Notice that the Af = 8 
Hamiltonian (at order k 2 ) has two contributions from the quadratic form. The 
first is 



/ 




(25) 



( W K , W K ) . 



(26) 
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This is straightforward to compute and reads 

^=k 2 J d 4 xd 8 9d 8 9-^ (V 2 <M<90 - d+d&d+d^ 

x 



(27) 

d +2 <t)dd<j) - d+d^d+dA. 



The second contribution is 

(VV°, W k2 ) + (W k2 , W°) . (28) 

2 

Even though W" 1 is unknown, there is still structural information in this ex- 
pression. The first of the two terms in (|28|) is 



(W°,W k2 ) = 2iJ d 4 xd 8 9d 8 9 -^q + 0W k2 , (29) 

where the measure factor has been integrated on to the W° term. This 
tells us that the quartic interaction has the form 

(30) 

We know (from comparison to equation (|27p ) that H involves two chiral super- 
fields and one anti-chiral superfield. 

4.2 Dimensional analysis and helicity considerations 



We list below the helicities and length-dimensions (with h — 1) of some quan- 
tities at our disposal. 



Variable 


Helicity (h) 


Dimension (D) 




+2 


+ 1 




-2 


+ 1 


d 


+ 1 


-1 


3 


-1 


-1 


d+ 





-1 


d rn _ q rn 


+ 1/2 


-1/2 


i Qn 


-1/2 


-1/2 



The quartic interaction term at order k 2 presently reads (up to a constant), 

/ d i xd 8 9d 8 9 K 2 {-^ J q+ • N . (31) 
J d + 



The measure has dimension — 4, k 2 has dimension + 2. It is then easy to sec 
| and helicity |. 



that H has dimension — | and helicity 5 
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From equation (|2"T)) and the table we see that H must contain: two 0s, one </>, 
one d and either a d or a q. The dimensions can be taken care of by introducing 
the necessary number of d + s and ^-s. 

The issue of chiralization 

2 — 

W K must commute with both d and d. This is necessary to ensure that the 
dynamical supersymmctry generator respects the chirality of the superfield it 
acts on. Thus 

W k2 = C(H) , (32) 

where C represents chiralization and is explained in Appendix B. In the quartic 
vertex, this appears as 



d+ 3 J d+ 3 



N + d mi ... ma { ■ ■ .} 



(33) 



However, the ds that appear in the chiralized expression (on partial integration) 
annihilate the W (since it is anti-chiral) . Hence the chiralizing terms are not 
relevant to the calculation at this order. 

4.3 The Ansatz for the quartic interaction 



Our Ansatz for the quartic interaction vertex is simply ( W K , W K ) plus 



^ bcdl ^(d+ b <i + td+ c dAd+ d t ■ -^W° (34) 



d+- 

d+ a \" -*r--rj- r g+3 ^> 

subject to the constraint 

a + 3 = b + c + d. (35) 



The constants c^ bcd , c^ bcd and c^ bcd are to be fixed by comparison with the 
gravity action. 

It is such a general Ansatz that we expand using Mathematica (details in Ap- 
pendix D). We only focus on the graviton components and require that the 
resulting expression reproduce the quartic vertex for pure gravity in the light- 
cone gauge. 
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Gravity on the light-cone has been studied previously by numerous authors [7, 
[H |9l [lOl [IT] . A brief but self contained review of the formalism is presented in 
Appendix C. 



5 The Af = 8 Supergravity action to order & 



By explicit comparison with the gravity vertex, we find that the M = 8 Super- 
gravity quartic interaction vertex is 



K —j= 

y/2 



X + X + I ( d +2 (hdd(h - d + d6d + d( 



2 ^ 



(d+ 



2 - 



ddd> - d + d(bd + d< 



(36) 



where the explicit form of X is given in Appendix D. The final answer (as ex- 
plained in the appendix) confirms our conjecture regarding the quadratic form, 
to order k 2 . 

The answer does not seem to simplify very much based on the usual tricks 
(partial integrations, inside-out constraints and so on). Our result is surprisingly 
lengthy for a superspace expression, however it is important to remember that 
the entire component action for the Af = 8 theory in light-cone gauge involves 
many thousand terms. Also, unlike Af = 4 Yang-Mills, where the dynamical 
supersymmetry generator stops at order k, the Af = 8 supersymmetry generator 
extends to all orders. 

It is worth noting that there is no freedom arising from superfield redefinitions. 
This is because any shift of the form 

<t> -> 4> + 4> 3 (37) 

in the kinetic term will result in time-derivatives d~ reappearing in the action 
to order k 2 . These time derivatives (as explained in the gravity section) have 
been pushed to higher orders and no longer occur at k 2 . 



6 Summary 

The quartic interaction governing Af = 8 supergravity has been constructed. In 
addition, we have shown (to order k 2 ) that the Hamiltonian is expressible as 
a quadratic form. We believe this quadratic structure of the Hamiltonian will 
hold to higher orders as well. We expect to return to this issue and explore its 
consequences further. 
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The general structure of the four-point interaction term is quite simple. The 
complication stems from the many ways the various derivatives enter. However, 
when computing the Feynman rules, momentum conservation will help us to 
reduce the number of terms, especially if we use some specific frame for the 
momenta. This should lead to tractable forms for the simpler diagrams. The fact 
remains that supergraph computations, essential to understanding the divergent 
nature of this theory, are going to prove extremely tedious. It would be very 
satisfying if the quartic interaction could be recast in an elegant manner. The 
light-cone formalism was essential in the proof of finiteness of N = 4 Yang- 
Mills [T2] and one hope is that the techniques used in that paper will prove 
equally useful when studying Af — 8 Supergravity. 

Finally, it will be interesting to see if the quartic interaction simplifies con- 
siderably on reduction to three dimensions. Such a simplification is likely to 
occur due to the large 50(16) symmetry that the d — 3 theory is known to 
possess [T3] . 
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Appendix A 



Detailed computation of the Hamiltonian to order k 



In this section, we drop the spinor indices for convenience. Start by considering 



H = — ^= [ W W . (A-l) 
2^2 J d+ 3 



We will not carry the constant ^-^= any further. Instead we will reintroduce 
it into the expression at the end. Substituting the expression for W K from 
equation (f2"2")l we obtain 

U K = k J -^q + 4>{dd4>d +2 4> - d+d(j)d + d(j)} + c.c . (A-2) 

We will ignore the complex conjugate in this section. For any chiral combination 
X, q+X = iV2d+9X. This yields 

h k = iV2 K J A I 9 4>{dd^d+ 2 <j ) - a+d^a+B^} , 

Y + X 

We now focus on Y and rewrite it using the fact that 9 d = 8 — d9 to obtain 

A + B 

Now partially integrate B with respect to d + to get 

B = — i V2 k f -Ar0 B(j)d + 9d(j) ~ X , 

J d+ 3 (A-5) 

G X 
and we simply cancel the second term against the X that appears in equation 

We now focus on term G. To simplify calculations, rather than track 9 ■ d, we 
will focus on 9 1 d\ for the moment and then multiply by a factor of 8 at the end 
(although we are missing this factor of 8, we will continue to refer to term G as 
G). In term G, we now impose the inside-out constraint (equation ((7j)) on the 
middle superfield to obtain 

G = —i \pl k [ — — o <j> B ———t 4> d + 9 1 d\ 4> (A-6) 
J 3+ 3 4d+ 4 
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We then integrate the chiral derivatives away from the middle superfield to 
obtain 



G = -iV2n J dd + 4> ^4>d + 9 1 d lt 



+ iV2k J ®$d^td+e 1 (-iV2d+)<f> (A-f) 
H 

+ I 

Term I has two d + s acting on the last superfield so we integrate one of these 
out and obtain 

I = iV2n f dd + d 1( t> -^<9 + 6>V + iV2n f 5 d x <f> & d + 1 <f> 

J d + J d + (A-8) 

J + K 

Term J is rewritten as 



J = -iV2n J dd+ 4> -^4>d+ (f> - H 



(A-9) 
L — H , 

with the second term canceling against the H that occurs in equation (|A-7|) . 
Now term K also simplifies to 

K = -iV2n J d(j) -^4>d + 4> - G . (A-10) 
This leads to (after putting back the factor of 8) 

G = Uyfin J 8(f> ^ 4>d +2 (f> . (A-ll) 

After taking into account, the constant from equation (|A-1|) . we obtain the final 
answer, 

H" = A + G = 2k J dtp -^j^>d +2 (t> . (A-12) 

Imposing the inside-out constraint on the third superfield yields 

H k = 2k ( -^0(9090, (A-13) 
J d+" 

and proves the quadratic form structure of the Hamiltonian at order n. 
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Appendix B 

Chiralization 

The object H is simply the dynamical supersymmetry generator at order k 2 . All 
generators must respect the chirality of the superfields they act on and hence 
must commute with both d m and d m . H contains two chiral superfields and one 
anti-chiral superfield. In addition it contains either a d or a q. We choose the q 
since it commutes with both chiral derivatives. 



Now, H needs to be chiralized. This can be accomplished through a descent 
procedure. There seem to be two non-equivalent ways of doing this. 
For any general non-chiral expression of the form, A B (where A is any com- 
pound chiral function and B a compound anti-chiral function), we define a 
"chiral product" 

Scheme I 

C(AB) = AB + Y^t- <?mi - m ° a (Ad m "- mi B) , (B-1) 

or 

Scheme II 

C(AB) = AB + ytl)l J mx m„ Ad ma-mi S (B _ 2) 

in both cases, 

d mi ... ma = d mi . . . d ma ; d m « - mi = d m « . . . d mi . (B-3) 



C ( AB ) via either scheme is now a chiral function and satisfies dC = 0. 
Notice that the quartic interaction from equation (|30|) is of the form 



Adopting Scheme I for chiralizing H is more convenient because all the "chi- 
ralizing" terms simply vanish. This is because H is multiplied by an antichiral 
field. The relevant expression is 
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d+ 4 



N + d mi ... TOo { . . . } 



(B-5) 



A simple partial integration of the overall d onto the antichiral superfield on the 
left, kills all the chiralizing terms. Hence at this order, chiralization of H is 
unimportant. 



It is possible that Scheme II may yield more interesting results as far as the 
quartic interaction is concerned. 
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Appendix C 

Einstein gravity in the LC2 formalism 



This section offers a quick review of pure gravity in light-cone gauge. This 
section follows closely, the treatment in reference [TU]. Other references dealing 
with light-cone gravity include [71151 [51 ITT] . 

The Einstein-Hilbert action reads 

Seh = I d 4 xL = -L f d 4 x^R , (C-1) 



where g — det g^ v and R is the curvature scalar. 
Gauge choices 

Light-cone gauge is chosen by setting 

g— = g-i = . (C-2) 

A fourth gauge choice will be made shortly. The metric is parametrized as 
follows 

9+- = - , 

* (C-3) 
9ij = e Itj ■ 

The fields <f> , ip are real while 7y is a 2 x 2 real, symmetric, unimodular matrix. 
We us the equations of motion 

Rnu = , (C-4) 

to eliminate the unphysical degrees of freedom. The J2_j = relation implies 
that 



<r = -e-*i 



7 ij e *-2^ — {e"*( -d+^d^u - d+d j( /> 

1 (C-5) 

- 8+ d 3 i' + d^d+ rl> J + di ( e~ + i kl d + ljk ) } 



while = gives 

- 9,f) +2 il, - (f)+ilA 2 + 



2 d+ <jy d + ff> - 2 a+ 2 ijj ~ (d+ ijjf + \ d + 7 fe ' d+ 7 fei = . (C-6) 



We solve equation (|C-6|) by choosing 



(C-7) 
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This constitutes our fourth gauge choice. Equation (|C-6[) yields 



1 1 

4^ 



V> = 77772 



(C-8) 



The action in light cone gauge 



The LCi Lagrangian for gravity is 

L = ±y/=g(2g+-R+-+g i *R i . 
Based on the metric choices, this becomes 



(C-9) 



where 



(C-10) 



2 e 7 d+ i d+ 3 r 



Ri 



e ^ fl d + 7 3k d . 7jk _ d+di(j) _ did +^ + di(j)d +^ 



(C-ll) 



Perturbative expansion 



In order to obtain a perturbative expansion of the metric, we set 



'/ill ^12 
v /l 12 -/in 



(C-12) 
(C-13) 



The physical graviton is represented by h and h which were defined in equation 
([3]) . In terms of these fields, 



d + hd + h 



+ 0(h 4 ) . 



(C-14) 
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At this order, we ignore terms of order C(/i 4 ) and beyond in ip. The Lagrangian 
(|C-10|) is then 



L= -huh 
2 



-Khd + ' 
1 



u d 2 u 9 , 9 , 

ft — -77 /l + -7rrh——h 



9+ 9+ 



+ c.c. 



9+ [9+/i9+fc] 

1 



z [d+hd+h] (d-hd + h + d + hd-h) 

9+ 

+ \d~h (h hd+h - h 2 d+h) + \d~h (h hd+h - h 2 d+h) 



1 

9+ 1 



[d+hd+h] (2ddh h + 2hddh + 9dhdh + dhdh 



(C-15) 
(C-16) 



fjf) _ (f(f — I — — 

-2— hd+h- 2d+h— h + 3— [ddhd+h + d+hddh] 
9+ 9+ 9+ L J 

/4 - - 4 - - 99 - 99- 

-hh -ddh h + -hddh + 2 dhdh + 4— hd+h + 4d+h—h 
\3 3 9+ 9+ 

■ 2-^- [2 Bh d+h + hd+dh - d+dhh] h dh 

- 2— [2 d + h dh + d + dh h - hd+dh] dh h (C-17) 

- [2dh d+h + hd+dh - d+dhh] i [29 + /i 9/t + d+dh h - hd+dh] 



We then shift all the light-cone time-derivatives 9 that occur in this action to 
higher orders in k. This is achieved by means of the field redefinition 



2 ( 9+ 2 / l _L [d+hd+h] + d+h-^ [d+hd+h] 



+ - (hhd+h-h 2 d+h) 



(C-18) 
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The shifted Lagrangian 



After the shift, the LC2 Lagrangian for pure gravity reads 



L* 2 - 1 


d+hd+h 


dd 


d+hd+h 


d+ 2 




d+ 2 





+- 



d +i 



d+' 



1 



d+hd+h 
d+hd+h 



(ddhd+h + d+hddh) 

(2ddhh + 2 hddh + 9 dhdh + dhdh 



2— [2dh d+h + hd+dh - d+dhh] h dh 



1 

'd+ 
1 

d+ 



2— [2d+h dh + d+dh h - hd+dh] dh h 

1 

d+ 



[2dhd+h + hd+dh -d+dhh] [2d+hdh + d+dhh - hd+dh] 



-hh ( ddhh + hddh + 2dhdh + 3^-hd+h + 3d+h^-h 

d+ d+ 



(C-19) 



Notice that the shift is unique. Any additional shift in h will reintroduce the 
d~ (from the kinetic term) into the action. 
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Appendix D 



The quartic interaction 

Assuming that our conjecture is valid to order k 2 , the form of X (from Section 
5) ought to be 

jv?-^W K \ (D-l) 

This is indeed what we find. The explicit expression for X is shown below and 
proves that the conjecture holds to this order. The Mathcmatica code used in 
these computations is available for download from this site: 

http: / / www.aei.mpg.de / ^harald / supergravity.html 

X = L A + L B + L c . (D-2) 

We use A, B and C to denote the three classes of terms that occur in the general 
ansatz (|34|) . Subscripts i and 2 differentiate between terms that have an overall 
0^3 and terms that have an overall ^- (acting on the first two superfields). 

kl^i { d+ t d+ ^) ^4 ( D " 3 ) 
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La > 2 = 1 h ^) 9+6 ^ (D " 4 

+2 f 9+q+ *) 9+4 d ^ W 9+B * (D " 6 

+ir w (w+ 9+2 q+4 ) 9+3 9 * W q+9 ^ (D " 7 

+2 § if(if^ 9+3q+ ^> 9+2 ^ w q ^ (D ~ 8 

+ l h 9+iq+<t ) d+d * w q+u (D - 9 

+ 1? a+5 ^ W q+B * (D - 10 

+ 1T ^ a+4 ^ W q+B * (D_U 

+ -g- ^{<t> d+q+cP) d +3 d0 ^q+B4> (D-12 

+ ^ ^(V a+ 2 g+0) d+ 2 ^ -^q + B4> (D-13 

+ lr 9+3g ~ +(/) ) (D ~ 14 

+^ ^(V d+V</>) d4> -^q+94> (D-15 

+ lr F 9+4 ^ (D " 16 

+ lf ^ a+3 ^ (D " 17 

+ T 9+ <M 5+2 ^ ^4 9+^ (°- 18 

+ ll d^+( 9+(t> 9+ ' 2q+<p ) 9+9 ^ W q+B ^> (D ~ 19 

+ 1 d +3 q+<j>) dj> -^iQ+dt (D-20 
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Lbs = -\ ^j(d + U4> d<f>)d+ 5 4> j^Q+W (D-21) 

-^3 a+90)a +5 -^jq+Bt (D-22) 

^3 a+a^)9+ 4 ^4? + 50 (D-23) 

-^3 d+^)d+ 3 ^ -^q+d4> (D-24) 

d +2 ^)d+ 3 ^ ^5+^ (D-25) 

£b,2 = - ^ (^r«+0 a+ 2 90) 9+ 3 ^ q+ d4> (D-26) 

+ § d +3 $ -^q+W (D-28) 

-5 a +2 ^)a +2 ^5+^ (D-29) 

-5 ^ (d+q+cj) d+d^)d +2 4> ■gpq+fy (D-30) 

+ (^9+0 90) 5 +5 ^4 9+90 (D-31) 

ic.i = -\ ^3 a+g + a0)a+ 5 ^3+^ (D-32) 

-y ^3 dq + cb)d +5 4> -^q+d~4> (D-33) 

^3 a + g + a^)9 +4 ^9+90 (D-34) 

- ^3 (V«/> 9+ 2 g - + a^)a+ 3 ^ ^+00 (D-35) 

- * (V 2 ^ a+g+a^) a+ 3 ^ (d-36) 
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Lea = -g -gr( d+ ^ d + q+d4>)d +2 4> -^Q+d4> (D-37) 

+ ^ (a +2 3+0*) d +2 4> ^Q+d4> (D-39) 

^(^ + ^ d + q + d^)d+4> ^5+^ (D-40) 

h^Y 2 ^ £z q + 8 * (D-41) 

Q+d<t>)d + 4> -j^iQ+fy (°- 42 ) 

d + q + d^)4> ^4 5+^ (D-43) 

~ll q+d4> )^ (D_46) 
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